6. FUUSIKALISTE SUSTEEMIDE
MODELLEERIMINE

Pohiidee: on olemas reeglid, mis fikseerivad
pOhimotted jittes piisava vabaduse

3 astet:
1. Klassikaline diinaamika 1687
Newton, Hamilton, ...
isoleeritud osakesed, mehaanika reeglid
Kriitika — ainult vastasmoju, interaktsioon?
siiski keerulised tulemused (3 keha probleem)

2. Termodiinaamika — 1850 2. seadus

isoleeritud siisteemi entroopia saab ainult kasvada
kuni siisteem jouab termodiinaamilise tasakaaluni

lisandus podrdumatus (irreversibility)
koik poordumatud protsessid lisavad entroopiat

3. Dissipatiivsete struktuuride (hajusstruktuuride) teooria
koherentsed arenevad struktuurid

avatud siisteem ammutab energiat imbritsevast  siisteemist ja
ekspordib entroopiat

I. Prigogine



Erinevus 3 tasandi vahel
1. klassikaline diinaamika
aja siimmeetria rikkumine

kausaalsuse printsiip

2. termodiinaamika

aja ja ruumi
siimmeetria rikkumine

printsiip: fluktuatsioonis
tekib kord

3. dissipatiivsete struktuuride teooria

VL.
E. Jantsch The Self-Organizing Universe
Pergamon, Oxford et al 1980

I. Prigogine, J. Stengers.“Order out of Chaos”,

Heinemann, London, 1984.



6.1 PIDEV KESKKOND

PGhi- Alg- Aeg ja
printsiibid oletused ruum
Jadvus— Pohi—
seadused aksioomid
Teooria Lisa — Alg-
postulaadid tingimused,
oleku—
vorrandite
struktuur
Suletud
stisteem
Mudel Lisa— Muutujate
oletused iseloom
Oleku— Oleku—
vorrandite vorrandite
16plik vOi
kuju vaba energia
funktsiooni
aproksi—
meerimine
Mate—
maatiline

mudel



6.1. PIDEV KESKKOND

ALGOLETUSED
(i) aeg -  absoluutne aegt;
(i) ruum -  kolmemootmeline (3D) Eukleidese ruum;
(ili) mateeria makroskoopiline hulk — liikuvate osakeste pidev hulk, mis

meelevaldsel ajahetkel t = const on ruumi osas B, millel on pind A
jamaht V # 0 ning positiivne mass M.

Liitkumine

t‘ =20 * ° 2 .__.___’.X.‘
v
Ehe

'&"&4 —— >—o—o - X4

3D:x, =X, (X, X,, X,; 1)
Xk:Xk(Xl’XZ’XB; t)
k=1 2, 3

uheselt maaratud teisendused

OX,
T ax,

Tahistus:

k



JAAVUSSEADUSED (lihtsustatud)

1.  Massi jadvuse seadus

Ipo dV = Ipdv integraalkuju

\%
Per P tihedus
V, Vv maht

op +(pv.), =0 diferentsiaalkuju

ot
Vi — kiiruse komponendid
2.  Impulsi jadvuse seadus (Newtoni Il seadus)
Tiji + po(fi—Aj) =0
T - pingetensor
fi - mahujoud
A;j - kiirendusvektori

komponendid

3.  Kineetilise momendi jaavus

Tij= Tji ehk nihkepingete paarilisus



4.

Energia jddvus

de :
pdt:T“E“ +Q, « +p,n
Eij — deformatsioonitensor
Eij — deformatsiooni Kiirus
Qk — soojushulk
h - lisa soojusallikas

Lisa: entroopia vorratus
: 1 : :
TijEij + TQkT,k o pOF_ pOTS 2 O

T — temperatuur
S — entroopia

F — nn Helmholtzi vaba energia



LISAPOSTULAADID

1)  Postulaat algolukorrast ajal t=0:

u =0 T,=0 Q=0
(Uk — siire — (Xk—Xk))

vaba energia F=Fo, Fo=const.
temperatuur T=To To=const.
vaba energia F=E-TS

2)  postulaat olekuvorranditest
(mis millest sdltub)

(i) F=F (K, K2, K3 T)
Ki — deformatsioonitensori invariandid

T — temperatuur

(i) pingetensor = pOorduv +  poordumatu
0Sa 0Sa
(elastne) (dissipatiivne)
oF

— — poorduv osa

kI~ po a?kl
le = de, (Ekl) — podrdumatu osa

(iii) soojusjuhtivus (Fourier’ seadus)



SULETUD SUSTEEM

Tij,i + Py (fi - UJ) =0 lilkumine
O°F O°F . ,
Po T\ Groe, 0 F g T e Bt
+Q, +ph=0 energia
Qi — kijT i Fourier’ seadus
T, =T, "‘Tko: lisapostulaat
F=F(K,K, K, T) lisapostulaat
o =Py o lisapostulaat
ok,
T;j =dy - Ek, lisapostulaat

(aproksimatsioon)

E. :%(ui,j +U,+U,  -U..)

]

deformatsioonitensor valjendatud siirde (paigutise)

tuletiste kaudu



LISAOLETUSED

Ui,j <<1 viikesed deformatsioonid
T-T, To_1 <<1 viike temperatuurimuutus

(NB! ohtlik oletus!)

F(E,, T) =F(,T,)+
8F oF(0,T,) ) 8F oF(0,T,) )

oE,,
LOFOT) e ¢

2 OE, OF,
, LO°FO.T,)
2 Ok, 0T
! 0°F (O,
2 oT?

kl?

Ekl (T o To) +

To) (r_7y2 4

Harilik rittaarendus tasakaaluoleku (0, To)
suhtes, nn. MacLaureni rida

Tuletised on konstandid!

p, F= ; A K12 +u K, + (korgemat jarku litkmed) +

+xK (T-T)+x, (T-T,)°

K, =E A, op :
konstandid
K, =E,E, K, K,



MATEMAATILINE MUDEL

Po Un _anlm Uk,lm - anlm Uk,lm — Bnk T,k
gT + Hmn Um,n = Qk,k

Qn = k-l-,n

pO’ anlm ! anlm ! Bnk ! g’ Hmn !

konstandid lihtsaimal juhul

kuid voivad olla funktsioonid
(X, t, U, T)

OLULINE:

Jaavusseadused + olekuvorrandid

madratakse eksperimendist

K



ELEKTRODUNAAMIKA

E - elektrivili
J - vool V. - Kkiirus
P - polarisatsioon g, — laeng
H -  magnetvili D=E+P
M - magneetumine B=H+ M
1 1
M=M+-vxP H=H--vxD
C C
1 ~
B=B--VvxE I=J-0q,v
C
1
E=E+-vxB
C

Maxwelli vorrandid

V-D-q,=0
VxE+ 168 =0
cat

V-B=0
vxH-19D _ 1,
c Ot C

04,




Termomehaanikalised jadvusseadused

mass
impulss
moment

energia

entroopia

P+pV-v=0
tkl,k+p(fl _v|)+F|E =0

t | =E[kPI ]+B[kM| |

[kI

p(y+0n+00)-t, v, -V-q-ph+
+P E, +M, B, -3, E =0

py=pn-V-(q/6)-(ph/6)>0



6.2 MEHAANIKA
JAIGA KEHA MEHAANIKA

Jadvusseadused:
1. Energia on jdiv E = U + K
potentsiaalne Kineetiline
energia

2. Impulss P on jaiv

3. Masskeskpunkti kiirus V' on jiiv

koordinaat R = Z.: m; 1, / Zmi

P=Zmivi:Md—R:MV

dt
4. Kineetiline moment L on jasgv
10 jadvusseadust
energia 1
impulss 3  komponenti
Kiirus 3  komponenti
Kineetiline moment 3 komponenti




Jaiga ja deformeeruva keha vordlus

Massi jadvus

Litkumis-
hulga jddvus
Kineetilise
momendi
jaavus

Energia

Olekuvorrand

JAIK

Tagatud
definitsiooni kohaselt

dk _ =
—=F

dt

df, _

dt

dK _dw*  dw!
dt dt dt
Keha on jiik

W € vilisjdudude t66

W i

K

sisejoudude t66

Kineetiline energia

DEFORMEERUV

Descartes’1 kooordinadid



6.3 ULDISED IDEED

Hamiltoni funktsioon

E=T+U=H
Kineetiline potentsiaalne Lagrange’i funktsioon
energia energia
L = Z pi q;—U
i
g, -  uldistatud muutuja
p. —  sellele vastav impulss
liikumisvorrandid
(dp. oH
W M
< dt aq,
do,  oH _
| dt op,




Sisemuutujad

Vaadeldavad (observable) ehk mdddetavad
muutujad

siire

deformatsioon

pinge / surve

temperatuur

Sisemuutujad (internal variables)

termodiinaamilised parameetrid

fenomenoloogilised parameetrid

e. muutujad
Moddodetavad Sise-
muutujad muutuja(d)
nemaatilised
kristallid surve suunavektor
plastsus- deformatsioon purunemis-
teooria parameeter
narviimpulss potentsiaal joonvoolu
(s.0. pinge) parameetrid




Klassikaline:

Modddetavad
muutujad

Sise-
muutuja(d)

kehtivad jdavusseadused,
alluvad inertsile

litkumisvorrandid

vaja teada Helmholtzi
vaba energiat F

u
o°u _82u
ot°  ox°?

=f(u,w)

Sisemutujate inerts? Vt. ndide

Modifitseeritud:

Moodetavad
muutujad

el allu inertsile

difusioonvorrandid
kineetilised vorrandid

vaja teada
dissipatsioonipotentsiaali

\W

2

0 V;/ +g(w,u)
OX

Sise-
muutuja(d)

alluvad inertsile

o'w _ o°w

o o2 Iy

Vt. mikrostruktuuriga materjalid (Berezovski, Engelbrecht)



Pohinouded olekuvorranditele

Pohjuslikkus
Maaratus

Vordesitatus

Objektiivsus

Aja pooratavus

Keskkonna
invariantsus

Lokaalsuse printsiip

Malu printsiip

Sobivus

Causality
Determinism

Equipresence

Objectivity

Time reversal

Material
Invariance

Neighbourhood

Memory

Admissibility

koik muutujad
vordsoltuvad

taustsusteem
el tohi muuta
t ->-17

kauge ruum

el moju ?
kauge aeg

ei moju ?
olekuvorrandid
ei ole vastuolus
jadvusseaduste

ja entroopia
tingimustega



ULDINE JAAVUSSEADUS

Muutuja kogus
antud ajahetkel = muutuja  kogus
eelmisel ajahetkel

+ kogus, mis on loodud
ajaintervalli jooksul

— kogus, mis on havitatud
ajaintervalli jooksul

+ Juurdevool siisteemi

antud eelmine
— = ajaintervall
ajahetk ajahetk



Niide: Pendel

Litkumisvorrand
ml® + mg sin6=0
0+k’sin6 =0
9

+9;‘+...)

0 1 2 1 4
o 5% o720
10° 0.002 3-10°
20° 0.0076 1-10°

30° 0.039 1.4-10°

ecd?



Transpordivoogude modelleerimine

Kiirus — tee pikkus v dx

aeg dt
arv _ arv
Voog : = tihedus : =—
g1 A= "~ kmkohta
voog = tihedus x kiirus  gq=p-v
voo jadvus intervallis I I '
a b
arv intervallis: N = TP(X t)dx
: dN
muutus: —— =q(a,t)—q(b,1)
dt
jaavus: :t Jp(x,t)dx =q(a,t)—q(b,1)
siit o _ a4 _, ehk ap+8(pv)=0
ot Ox ot ox
Pidev keskkond,
Mmassi jadvus ~ Op 4 o (pv) =0
ot ox



Balance laws

Canonical (material) momentum balance

a - Dl\}?b — f”?f + ff xt 4+ fmh

X

P — material momentum, b — material Eshelby stress,
material inhomogeneity force — fi"",

material external (body) force — &,

material internal force — fi".



Energy conservation

d(S0) S oW
_ . . :1”#,1“?TI:TIF——
or | VR =T ot |,

the second law
SO+S-V_0<h™+(0K) SO#+S-Vp<h™ + (fK)

S — the entropy flux, S — the entropy density per unit reference volume,
0 — absolute temperature, K — extra entropy flux,
T — the first Piola — Kirchhoff tensor, F — deformation gradient.



Internal variables (1)

Observable — strains, displacements, etc.
internal — describe the internal structure of the material

see Maugin, Muschik, 1994

— damage parameter
— orientation of liquid crystals
— dislocations

etc.

In this formalism : internal variables might not be inertial



Internal variables (2)

Microstructured solids

Single / dual variables
Berezovski, Engelbrecht, Maugin, 2008
Dual variables o, p— second order tensors

Free energy W

WZW(F, 6, a, VR a, B’ VR B)



Internal variables (3)

From dissipation inequality

W, A} (Lt LF
B _ B‘ B N
L — depend on state variables

m~—

A, B relatedto |}/

o >

A simple non-dissipative process

= I_12 (I_); y B — I_12
A special case W independent of Ve

G = (L12 ) L12 )ﬁ

inertia account



Mindlin model

Mindlin model Internal variable

two balance laws one balance law
dissipation inequality

po U, =alU, + Ay,
I\Vtt :C\Vxx —AUX _B\V

Y — microdeformation Y — internal variable



Hierarchy waves

System of two 2nd order equations — one 4 th order equation

U, Z(Cé _Ci)uxx o p2 (utt _Cé uxx)ttj + p2C12 (utt _C(Z) uxx)xx

. . J
' A4

Simplified (slaving principle)

/




Multiple scales

macrostructure microstructure 1 microstructure 2




Multiple scales

2

.

'

2 .2 2 .2 2
_p1CA1 pchz (utt_CZUXX)xxxxj

.

'



Nonlinearities
free energy W — cubic
model

pu,=au +Nuu_ +Avy,

I\Vtt :C\Vxx + wa\llxx _Aux _B\V



hyperbolic wave equation — two waves
evolution equation — one-wave equations

Separation techniques:

Taniuti, Nishihara 1977, 1983
Jeffrey, Kawahara 1982
Engelbrecht 1983



Evolution equation

KdV u, +kuu, +du,, =0

mKdV u, +[P(u)l. +duy +bug. =0

- - 2 _
microstructured solids ~ u_ +qwv, +dv, + r(vg, )}gé =0



Niide : LUMI JA SUUSATAMINE

Lume struktuur
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FIGURE 2.3.‘ Atmosphetic snow crystal types given as functions of the temperature and
sll\.‘lur.ueraa?.lar?.t[mr_jr gelﬁve to a flat ice surface at the moment of their formation. (From J, B

Aason, » The Physics of Clouds, 2nd ed., Oxford, UK: Clarendon Press. is-
sion of Oxford University Press.) ess: By permis

ENERGY EXCHANGE
WITH ATMOSPHERE o
TEMPERATURE C

SNOW SURFACE 0 5% .10°
; 140

e e g e -
AR S a Ry A
i ﬂ%éfa&?ﬂs’ﬁ%ffc €120

-
=
[=]

80
60

B AR Pl 1 Sna e B
PRaAS S A § 4
w
-

A2
I gaba s e d g gila
% '% L

)
51
v
=
ISt
=,
- o B =]
T S e
i O SO
b_:s;-- :
P
o
HEIGHT

TEMPERATURE Tk o a's
PROFILE e S e

T . b
a'sTnatd o st na by
ROUND SURFACE 0"

FIGURE 2.8. Temperature profile of a snowpack. Temperature gradients exist at the top
and at the bottom, near the surface of the snowpack and at the ground surface. In the
middle, the snowpack is at an equitemperature state (Parla and Martinelli, 1979).



Crystal Axes 8 =1 80 -

Star

Plate

Column

Capped Column

Screll (Cup)

FIGURE 2.2. Principal types of atmospheric snow crystals shown in relation to the
crystal axes of ice (Perla and Martinelli, 1979).



{a_} i B i : iy P

FIGURE 2.6. Equitemperature (ET) metamor-
phism of newly fallen snow. The faceted,
dendritic arms of the new snow grains in the left
frame have disappeared in the right frame,
metamorphosing into rounded, sintered grains.
(Reprinted with permission from Colbeck ef al,
1990. Photographs courtesy of E, Akitaya.)




COLD

4

Hz O vapor

Hs; O vapor
HOT 2

= (b)

FIGURE 2.10. Temperature-gradient (TG) snow in successive stages of growth. Notice
the change in scale from (a) to (b). (Reprinted with permission from Colbeck ef al., 1990.

Photographs courtesy of K. lzumi.)



Suusa mudel

W, |—g)R - kT, 12
i gk w | -olR '""f?;["ﬂ i ja{m!_Lxl‘i
- P.‘L"llr;

FIGURE 2.1. This skier heads down the hill, his skis lubricated by a film of water that
forms under his skis. In his thoughts he mulls over a mathematical formula that we will

discuss later in Chap. 8 on snow friction processes. (Colbeck, 1992, Drawn by Marilyn
Aber, CRREL.)



FIGURE 3.3. The lateral moment generated when the ski is set on edge.



e

b\f\j %’/
ﬂb\f\#i — e,

FIGURE 3.8. Bottomn load distributions for six skis with different siiffness properties on
shnow beds of varied deformation.




(a) Polished hard slider, (b) Hard slider,
uld :try Snow dry new snow

{C) Soft siider, old snow, {d) Soft slider,
Ilqulr.! jubrication new 4ry snow

I,,,..-H.'

%”

FIGURE 8.3. Four examples of the interactions that may occur at the interface of the skf
bottom and the surface of the snow.
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Every Stride (ES) Two Cycle
Expert Male Skier

FIGURE 7.3. Every-stride (ES} ski-skating technique. The top pansl shows the maneuvers for one hall cycle. The lower graph shows the
dwell fime for each segment. Note that the top pane! and the graphs come from two different sources. Although they relate well to each other,
the relation is not exact {Skier images from video of P. Peterson, PSIA Oemo Team, used with permission. Data for the graph from Nelson
of af,, 1988.) '



FIGURE 7.4. Alternate-stride {(AS) ski-skafing
technigue. The dwell time for the segments are
shown for the left side in the upper graph and
for the right side in the lower graph. Nofe that
the top panel and the graphs come from two
ditfereni sources. Afthough they relate weli to

Hoei Down/Mon Pale Ski each other, the relafion s not exapt (Skier
> 4Hm:;} f fmages irarg video of P. Peterson, PSIA Demo
. Team, used with permission. Data for table
Pala PlantNon-Glide Pola
(PPMG) from Nelson et al., 1986.)
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[ICE MOVEMENT 101)]
Steady State in a Frozen Country

5 . N<

A Schematic diagram shows how an ice sheet flows downslope

across its underlying bedrock toward the sea, while snowfall from evaporated sea-

water replenishes part or all of the ice mass at its surface. Most of the ice Rowing from the continental interior is
carried to the sea by ice streams, relatively fast-moving conveyor belts of ice that break away from the surrounding sheet; the ice sheet travels
seaward as well, albeit much more slowly. Once the base of the moving ice leaves its "grounding line,” the floating ice s called an ice shelf, and it
displaces a mass of water equal to its weight, raising the sea leve! accordingly. Throughout most of the past several millennia those processes did
not raise sea level or shrink ice sheets because seawater evaporation and intand snowfall roughly balanced the discharge of ice into the sea.




Elastsusteooria 3D

(}L + 2“)“1,11 + (7“ + M)(uz,zl + u3,31) + “’(ul,ZZ + u1,33) ~ Py 21 =0

(}” + Zu)uz,zz + (7‘ + H)(US,lZ + us,sz) + H(uz,n + u2,33) Py atzz =0

ol
(}“ + 2“)u3,33 + (7“ + “)(ums + u2,23) + u(u&ll + us,zz) ~Po 8t23 =0

u,  — siirde komponendid

X, — koordinaadid

Navier- Stokes’i vorrandid hiiddrodiinaamikas, 3D

_au ou ou ou op _62u o°u  d°u
p| —+tU—+V—+W— =-——+ p L+ ,+ - [+F
ot ox oy 0z OX | ox oy oz
oW oW ow  ow op o‘'w d’w  o'w
p +Uu +V—+W =——+ U ,t—— +—— |tF
| ot OX oy 0z OX | ox oy oz
NG N N v op o°v d°v o°v
pl —+U—+V—+W— =-—+ U St o+ +Fy
ot ox oy 0z OX | ox oy 0z
u, Vv, W — kiiruse komponendid
X, Y, Z — koordinaadid
P — surve
T} — Vviskoosus
F, F, F — vilisjoud

p {%?+U-VU}:—Vp+uV2 U+F



Magnetvoo jaavus

{B-da=0

Laengu jaavus

d 0
— dv + —(w.da = — [3da — {b-K ds
it 9 stV ) §

Gaussi seadus (elektrivoog)

{D-da=[q,dv+|w_da+ {b-mds

Faraday seadus (elektromotoorne joud)

19 (5 dat [ E-dx=0
cdts &s

Ampere’i seadus (magnetiline induktsioon)

_ 19y dat fHedx =23 da— L [bK ds
c dts 2s Cs Cy

NB! A.C. Eringen, G.A. Maugin
Electrodynamics of Continua I, 11
Springer, New York et al, 1990



